It is well-known that the classical de nition of topological entropy for group and semigroup actions is frequently zero in some rather interesting situations, e.g. smooth actions of Z k + (k > ) on manifolds. Di erent de nitions have been considered by several authors. In the present article we describe the one proposed in 1995 by K.H.Hofmann and the author which produces topological entropy not trivially zero for such smooth actions. We discuss this particular approach, and also some of the main properties of the topological entropy de ned in this way, its advantages and disadvantages compared with the classical de nition. We also discuss some recent results, obtained jointly with Andrzej Biś, Dikran Dikranjan and Anna Giordano Bruno, of a similar de nition of metric entropy, i.e. entropy with respect to an invariant measure for a group or a semigroup action, and some of its properties.
Let G be a topological semigroup and let (X, ρ) be a metric space. A continuous (left) semigroup action T : G × X −→ X , T(g, x) = g x, is called uniform on compact subsets of G (or just uniform), if for every ϵ > and every compact subset N of G there exists δ > such that if x, y ∈ X and ρ(x, y) < δ, then ρ(gx, gy) < ϵ for any g ∈ N.
In what follows T : G × X −→ X , T(g, x) = g x, will be a xed uniformly continuous action. We will now de ne concepts similar to Bowen's (n, ϵ)-spanning and (n, ϵ)-separated sets ( [7] ). Their existence follows from the following lemma whose simple proof we provide. Proofs. (a) Assume that for some x ∈ X and some ϵ > the set D N (x, ϵ) is not open in X. Then there exists a sequence {xn} ⊂ X \ D N (x, ϵ) converging to some x ∈ D N (x, ϵ, T). Since xn / ∈ D N (x, ϵ), there exists gn ∈ N with ρ(gn x, gn yn) ≥ ϵ. The compactness of N implies that some sub-sequence {gn k } of{gn} converges to some g ∈ N. This yields ρ(gx, gy) ≥ ϵ, a contradiction.
(b) follows from (a).
De nitions.
Let K be a compact subset of X, let ϵ > , and let N ⊂ G. Following Bowen [7] , a subset F of K is called (N, ϵ)-spanning for K if K ⊂ x∈F D N (x, ϵ).
A subset E of X is called (N, ϵ)-separated if for any x ≠ y in E there exists g ∈ N with ρ(gx, gy) ≥ ϵ.
As in the classical situation (dealt with in [7] ) it is easy to see that every (N, ϵ)-separated subset of K is contained in a maximal (N, ϵ)-separated subset of K which is also (N, ϵ)-spanning for K.
Next, let R = (N , N , . . . , Nn , . . .) be a xed regular system in G. For a compact K ⊂ X, ϵ > and an integer n ≥ , set :
Here |A| is the cardinality of the set A.
For brevity we will also use the notation r Nn (ϵ, K) = r Nn (ϵ, T, K) , s Nn (ϵ, K) = s Nn (ϵ, T, K).
It is straightforward to check that
Next, setr (ϵ, K) = lim sup n→∞ n log r Nn (ϵ, K), ands (ϵ, K) = lim sup n→∞ n log s Nn (ϵ, K).
For every compact K ⊂ X the monotone limits
exist and are equal. This number (or ∞) will be called the receptive topological entropy of T with respect to K (and the regular system R = {Nn}).
De nition. ([26])
The receptive topological entropy of T (with respect to R) is de ned bỹ
We call it "receptive" to distinguish it from the classical topological entropy. Clearly,h(T) =h(T, R) depends on the regular system R.
Similar concepts of topological entropy have been considered by various people. It appears E. Ghys, R. Langevin and P. Walczak ( [23] ) were the rst ones -they generalized Bowen's de nition to nitely generated groups of homeomorphisms of a compact metric space. A. Biś continued the study of this concept in [2] . In the mean time, independently, a more general notion of topological entropy for uniformly continuous actions of locally compact semigroups actions on metric spaces was introduced by Hofmann and Stoyanov [26] .
When G = Z+ or Z, the action of T is given by a continuous map f : X −→ X, that is, we have T(n, x) = f n (x). Thenh(T) = h(f ), the classical topological entropy of the map f , as de ned by Bowen [7] and Dinaburg [19] . The regular system here (which appears implicitly in the de nition) is given by Nn = [ , n) ∩ Z.
The idea that the entropy depends on the (regular system of) sets Nn that is used (explicitly or implicitly) in the de nition goes back to Kushnirenko [27] . He was the rst to point out that changing the system {Nn} produces a di erent entropy. In the case of measure-preserving transformations T he introduced the so called A-entropy, where A is a particular sequence of positive integers. E.g. when A = { n } he showed that the Aentropy does not coincide with the classical one. Several years later Goodman [24] introduced and studied a similar topological concept, which he called topological sequence entropy, and its relationship with the measure-theoretic analogue de ned by Kushnirenko. Both kinds of sequence entropy have been studied by a number of people later on -see e.g. the papers by Dekking [12] , Cánovas [10] , Frantzova and Smital [22] , Lemanczyk [28] and the references there.
The main incentive in the introduction of the receptive topological entropy in [26] was the desire to produce an entropy-like concept that is not trivially zero e.g. for smooth actions of groups of rank higher than 1 on smooth manifolds. Unlike the classical topological entropy of group/semigroup actions (see Sect. 5 below), it turns out that the receptive topological entropy has this feature.
Proposition. ([26]) For any uniform action we havẽ
where h(g) is the (classical) topological entropy of the map g : x → gx.
The above shows that if some of the individual maps g : x → gx (g ∈ N ) has non-zero topological entropy, the the receptive entropy of the whole action T is non-zero. This is in contrast with what is happening with the classical entropy (see Sect. 5 below).
A similar property was proved in [2] for actions of nitely generated groups and pseudo-groups.
A comprehensive exposition on classical topological and measure theoretic entropy theories for maps (i.e. actions of Z+ or Z) can be found in the well-known monograph [37] of Peter Walters. More recently there has been a lot of activity on studying algebraic entropy for morphisms on various algebraic structures -see [13] , [14] , [16] , [17] , [18] and in particular the comprehensive exposition in [15] .
Some properties of the receptive topological entropyh(T)
Let again T : G × X −→ X be a uniform action of a semigroup G on a metric space X and let R = (N , N , . . . , Nn , . . .) be a xed regular system in G.
Here we state some of the basic properties of receptive entropy of uniform semigroup actions proved in [26] .
Proposition. ([26]
) Let X be a Riemannian manifold and let T : G × X −→ X be a continuous action of a semigroup G such that the map x → gx is smooth for each g ∈ G. Let R = {Nn} ∞ n= be a regular system in G with Nn = N n for all n ≥ . Consider X with the metric generated by the Riemannian metric of X, and let k = dim X.
where a = sup x∈X sup g∈N dx g .
The above is an analogue of Bowen-Kushnirenko's Theorem (see e.g. [37] ) in the case G = Z+. The next property shows in particular that conjugate actions have the same receptive entropy, which is one of the basic properties of entropy-like concepts. Assume now that 
Proposition
Let H be a closed subgroup of G such that the left-coset space G/H is compact. Then
for some k ≥ . Fix such a k. Since N − k is compact, (1) shows that it is contained in a nite union of sets of the form Int(Nn). In particular, there exists m ≥ k with N − k ⊂ Nm. Fix m with this property. Let K be a compact subset of X and let ϵ > . The uniformity of T implies the existence of δ > such that ρ(gx, gy) < ϵ for all x, y ∈ X with ρ(x, y) < δ and all g ∈ N k . Take δ ≤ ϵ.
It is obvious that rn(ϵ, T, K) ≥ rn(ϵ, S, K) , n ≥ , since every (Nn , ϵ)-spanning subset of K with respect to T is also an (Nn ∩H, ϵ)-spanning set for K with respect to S.
We will now show that rn(ϵ, T, K) ≤ rn+m(δ, S, K)
for all n ≥ . Indeed, let F be a (Nn+m ∩ H, δ)-spanning subset of K with respect to S. Notice that
To prove this, given g ∈ Nn, by (2), g = g h for some g ∈ N k and h ∈ H. Then
. This proves (4). Now, given any x ∈ K, take y ∈ F such that ρ(hx, hy) < δ for every h ∈ Nn+m ∩ H. This, (4) and the choice of δ imply now that ρ(gx, gy) < ϵ for all g ∈ Nn. Hence F is an (Nn , ϵ)-spanning for K with respect to T, and therefore (3) holds.
Thus,
As is usual for entropy-like concepts, the receptive topological entropy behaves well with respect to taking nite products.
Proposition. ([26]
) Let T i : G i × X i −→ X i (i = , ) be uniform actions of the locally compact semigroups G i on metric spaces (X i , ρ i ), and let R i = (N (i) n ) ∞ n= be a regular system in G i for each i = , . Consider X = X × X with the metric ρ = max{ρ , ρ }, and the semigroup G = G × G with the regular system
De ne the action T : G × X −→ X by
Then max{h(T , R ),h(T , R )} ≤h(T, R) ≤h(T , R ) +h(T , R ).
If either X or X is compact, thenh
It should be noted that the proof of Proposition 2.4 in [26] is almost the same as the one in the classical case G = Z (or G = Z+) e.g. in [37] .
Receptive topological entropy by open covers
We will now de ne receptive topological entropy for uniform actions of semigroups on compact metric spaces using open covers, following the classical de nition of topological entropy using open covers by Adler, Konheim and McAndrew ( [1] ).
Let T : G × X −→ X be an uniformly continuous action of the semigroup G on a metric space (X, ρ) and let {Nn} n≥ be a regular system in G. In this section we assume that X is compact.
Recall some basic notation (see e.g. [37] ). If A = {A i } i∈I and B = {B j } j∈J are families of subsets of X, by de nition
For any open cover α of X let N(α) be the number of elements of a sub-cover of α of the smallest possible cardinality.
The following result established very recently shows that the receptive topological entropy can be calculated by using open covers, just as in the classical case of actions by Z+ or Z. Another result in [5] shows that, assuming G is nitely generated and commutative, the receptive topological entropyh(T) coincides with a Bowen-type concept ( [8] ), de ned similarly to Hausdor dimension.
Classical topological entropy
Here we recall the classical de nition of topological entropy of amenable (semi)group actions, considering just a special case of amenability. Here
De nition.
is the symmetric di erence of the sets A and B. For example, G = Z n and G = Z n + are amenable. Assume that an amenable semigroup G acts continuously on a compact metric space (X, d) . [34] , D. Lind, K. Schmidt and T. Ward [29] , A. Bufetov [9] , E. Lindenstaruss [30] , B. Weiss [38] , L. Bowen [6] , D. Zheng and E. Chen 2016, D. Dikranjan, A. Fornasiero and A. Giordano Bruno [14] , D. Dikranjan and A. Giordano Bruno [15] . See also the historical remarks in [14] .
Comparison between the classical and the receptive topological entropies
We begin this section with a simple but rather important example.
Example. Let
Then |Fn| = n k . Assume e.g. that G acts on a compact metric space X. For any open cover α of X, the de nitions giveh It is well-known that the classical topological entropy h(T) is frequently zero. [20] ) Let G be nitely generated and commutative and let g , . . . g k be generators of G. If h(g i ) < ∞ for some i = , . . . , k, then h(T) = .
Proposition. (Eberlein
Here h(g i ) is the topological entropy of the map g i : X −→ X. One should compare the above proposition and Corollary 5.3 below with Proposition 1.5.
5.3
Corollary. If T : Z k + × X −→ X is a smooth (C is enough) action of Z k + on a compact Riemannian manifold X and k > , then h(T) = .
Here Z k + can be replaced by other amenable semigroups.
Metric entropy
We will rst recall the classical de nition of (metric) entropy of a measure preserving amenable semigroup action on a probability space. Let (X, M, µ) be a measure space with a probability measure µ de ned on a σ-algebra M of subsets of X, and let T :
be a measure-preserving action of an amenable semigroup G on X, i.e. the map g : X −→ X, x → gx, is measure-preserving for all g ∈ G. Given a partition A = {A , A , . . . , A k } of X by measurable subsets, the entropy of A is de ned by Then
where the supremum is taken over all nite measurable partitions A of X, is called the entropy of T with respect to the measure µ. This concept has been studied for a long time by various authors, and various properties have been established. As in the case of classical topological entropy, it is frequently zero. For example we have the following. [11] ) Assume that G = Z k and let g , . . . g k be generators of G. If hµ(g i ) < ∞ for some i = , . . . , k, then hµ(T) = .
Proposition. (Conze
The same is true for many other amenable (semi)group actions. We will now de ne what we call here receptive metric entropy, following the de nition of receptive topological entropy.
Let again (X, M, µ) be a measure space with a probability measure µ, and let T : G×X −→ X be a measurepreserving action of a semigroup G on X. Let R = (N , N , . . . , Nn , . . .) be e regular system in G, consisting of nite subsets of G. where the supremum is taken over all nite measurable partitions A of X, is called the receptive entropy of T with respect to the measure µ and the system R . The special case G = Z with the standard regular system was brie y studied by L. Todorovich ([36] ). The receptive metric entropy is studied in more details in [5] , where various natural properties are established, amongst them: conjugacy invariance, formula for product actions (same as that for G = Z+), etc.
Variational Principle
We will rst recall the classical Variational Principle, i.e. the one relating the classical topological entropy and the classical metric entropy for amenable semigroup actions.
Let There is a more general VP concerning topological pressure which we are not going to discuss here, see e.g. [35] or [31] .
Proofs of the VP have been given by various people in various di erent situations: Ruelle [35] (for G = Z k and topological pressure, under some conditions), Elsanousi [21] (for G = Z and topological pressure), Misiurewicz [31] (for G = Z k + and topological pressure), Ollagnier and Pinchon [33] (for amenable groups and topological pressure), and various other authors. The case G = Z+ (or G = Z) was done earlier by L. W. Goodwyn [25] , E.I.Dinaburg [19] and T.N.T.Goodman [24] .
We will now discuss a possible Variational Principle for receptive entropies. Let again (X, M, µ) be a measure space with a probability measure µ, let T : G × X −→ X be a measurepreserving action of a semigroup G on X, and let R = (Nn) be e regular system in G, consisting of nite subsets of G.
A 
Open Problem: Is (5) always true under the above assumptions?
At this stage not much is known concerning the above. However we do not know yet whether RVP holds always under the assumptions made earlier, and we do not have counterexamples either.
